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CM rank , , [K]
. , CM $A$ Mumford-Tate
.
rank maximal ( $=\dim A+1$ ) , CM . $A$
Hodge ring divisor class , Hodge ([H], [R2]).
, rank maximal ( ) CM . ,
moduli .
1. CM $J$ - $Js$ Hod $e$ rank
, (Mumford-Tate ) Hodge .
$F$ $\Gamma_{F}$ $F$ $C$ . $F$ $Q$
algebraic torus $T_{F}(={\rm Res}_{F/Q}(6_{m/F}))$ , $X(T_{F})$ $\Gamma_{F}$
$Z$ $Z[\Gamma_{F}]$ ( ) $Gal(\overline{Q}/Q)$ . $2d$ CM $K$ $S\cup\rho S=$
$\Gamma_{K},$ $S\cap\rho S=\emptyset$ $\Gamma x$ $S$ $K$ CM . ( $\rho$ complex conjugation. )
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$A$ type$(K,S)$ $d$ ([S-T], [L]).
homomorphism $\phi^{*}:$ $X(T_{K})arrow X(6_{m})\cong Z$ , $\sigma\in\Gamma_{K}$
$\phi^{*}(\sigma)=\{\begin{array}{l}1(for\sigma\in S)-1(for\sigma\not\in S)\end{array}$
, algebraic torus homomorphism \phi : $6_{m}arrow T_{K}$ .
$C$ $Im\phi$ $T_{K}$ algebraic $subgroup/q$ $A$ Hodge $Hg=$
$Hg(A)$ $([H])$ . ( type $(K,S)$ )
[K] CM type $S$ rank $\dim Hg+1$ . rank
([Hl, [K], [L], [R1], [R2])
(a) rank $S\leqq d+1$ .
(b) $p$ , rank $S=$ $A$ torsion points
$Z_{p}$ .
(c) rank $S=d+1$ ( $S$ ),
$\Leftrightarrow A$ $A^{n}$ Hodge cycle divisor class ,
$\Rightarrow A$ Hodge cycle divisor class ,
$(*)$




$(^{*})$ $K$ (Lenstra). . . $t\#$) ,
$([Sh])$ .
2 Lq\eta l@
$K$ 2$d_{1}$ ffl CM $K_{1}$ , $\pi$ : $Z[\Gamma_{K}]arrow Z[\Gamma_{K_{1}}]$ canonical surjection .
$\Gamma_{K}$ $S$ , $t(S)= \sum_{\sigma\epsilon s}\sigma$ .
$K$ CM $S$ .
$a+b\cdot=[K:K_{1}],$ $a\geqq 0,$ $b\geqq 0$ $a,$ $b$ , $K_{1}$ CM $S_{1}$ ,
$\pi(t(S))=at(S_{1})+bpt(S_{1})$ .
, .
$d+1-rankS\geqq d_{1}+1$ -rank $S_{1}$ .
$a=b$ ,
$d+1$ -rank $S\geqq d_{1}$ .
, $S_{1}$ $a=b$ $S$ . , $S_{1}$ CM
( , $S_{1}$ ) , $S$
. $ab\neq 0$ . $S$ ( , ) .
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$A$ $d$ , CM $([T], [Y1])$ .
, d CM CM . (
[Do] )
\Delta - CM (Mumford, Serre, Greenberg, Ribet
) ( , ) , [R1]
Lenstra .
.
CM $K$ , $K^{+}$ . $Hg_{1}$ CM *’Sl Hodge .
$V_{K/K^{+}}$ algebraic torus norm . $T_{K}^{+}=Ker(\nu_{K/K}+)\subset T_{K}$ ,
$T_{K}^{+_{1}}=Ker(\nu_{K_{1}lK_{1}^{+}})\subset T_{K_{1}}$ .
$T=\nu_{K/K_{1}}^{-1}(Hg_{1})\cap T_{K^{+}}$ , $Hg\subseteq T\subseteq T_{K}^{+}$
$dim(T_{K}^{+}/T)=dim(T_{K_{1}}^{+}/Hg_{1})$
. .
$a=b$ , $T=Ker(\nu_{K/K_{1}})\cap T_{K}^{+}$ .
3. Moduli $ffi$




$A$ type$(K,S)$ simple principal , 9 $Karrow\sim$End $A\otimes Q$
, $C$ $A$ polarization . $(K’,S’)$ $(K,S)$ reflex (dual )
. $(A, \theta, C)$ moduli $M_{S}$ .
$I_{F},$ $P_{F}$ $F$ fractional ideal principal ideal .
$I_{K’}$ a , $\prod_{\sigma\in S’}a^{\sigma}=(\alpha),$ $\alpha\in K^{X},\grave{\alpha}\overline{\alpha}=N_{K’1Q}a$ $\alpha$ $I_{K’}(S)$
, $M_{S}$ ideal $I_{K’}(S)$ $K^{/}$ $([S- T], [L])’$ .
$K$ CM , $G=Gal(K/Q)(=\Gamma_{K})$ . $S$
$K=K’,$ $S’=\{\sigma^{-1}|\sigma\in S\}$ . $A$ Hodge $Hg$ annihilator
$Hg^{\perp}=$ {$x\in X(T_{K})|x=1$ on $Hg$} $\subset X(T_{K})=Z[G]$ .
$a\in I_{K},$ $x\in Hg^{\perp}$ , $a^{x}\in I_{K}(S)$ .
, rank $Hg^{\perp}$ , moduli ( )
. CM , moduli ,
$([Y2])$ .
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